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Second-order phase transitions have no latent heat and are characterized by a change in symme-
try. In addition to the conventional symmetric and anti-symmetric states under permutations of
bosons and fermions, mathematical group-representation theory allows for non-Abelian permutation
symmetry. Such symmetry can be hidden in states with defined total spins of spinor gases, which
can be formed in optical cavities. The present work shows that the symmetry reveals itself in spin-
independent or coordinate-independent properties of these gases, namely as non-Abelian entropy
in thermodynamic properties. In weakly interacting Fermi gases, two phases appear associated
with fermionic and non-Abelian symmetry under permutations of particle states, respectively. The
second-order transitions between the phases are characterized by discontinuities in specific heat.
Unlike other phase transitions, the present ones are not caused by interactions and can appear even
in ideal gases. Similar effects in Bose gases and strong interactions are discussed.
A distinctive feature of phase transitions is analytic
discontinuities or singularities in the thermodynamic
functions [1]. The transitions, analyzed here, are related
to the permutation symmetry. According to the Pauli
exclusion principle, the many-body wavefunction can be
either symmetric of anti-symmetric over particle permu-
tations [2]. The particles can be either elementary —
like electrons or photons — or composite — as atoms
and molecules.
The symmetric and anti-symmetric wavefunctions be-
long to one-dimensional irreducible representations (ir-
reps) of the symmetric (or permutation) group [3]. How-
ever, group theory allows for the multidimensional, non-
Abelian irreps of this group. They can be illustrated
by many-body spin wavefunctions of electrons. A two-
electron system with the total spin projection 0 has two
states. In the first one, the first and the second electrons
are in the spin up and spin down states, respectively, and
vice versa in the second state. These two states can be
symmetrized or anti-symmetrized, giving the triplet and
singlet states, respectively.
In the case of three electrons with the total spin pro-
jection 1/2, each of them can be in the spin down state.
This provides three non-symmetric states. Symmetriza-
tion over permutations provides a one-dimensional irrep.
However, the anti-symmetric state does not exist, since
two electrons are in the same spin up state. Then two
three-body wavefunctions, which are orthogonal to the
symmetric wavefunction, form a two-dimensional irrep.
Non-Abelian permutation symmetry has been consid-
ered in early years of quantum mechanics by Wigner
[4], Heitler [5], and Dirac [6], before the Pauli exclusion
principle was discovered. Particles with such symmetry,
called “intermedions” were considered later and there are
strong arguments that the total wavefunction cannot be-
long to a non-Abelian irrep [7]. Nevertheless, if the spin
and spatial degrees of freedom are separable, the total
wavefunction, satisfying the Pauli principle, can be repre-
sented as a sum of products of spin and spatial wavefunc-
tions with non-Abelian permutation symmetry. (Such
wavefunctions are used in spin-free quantum chemistry
[8, 9], one-dimensional systems [10, 11] and molecular
relaxation [12].) Then spin-independent or coordinate-
independent properties of such systems will be the same
as ones of hypothetical intermedions. The present work
analyses unusual thermodynamic properties arising from
non-Abelian permutation symmetry.
A wavefunction can be symmetric or antisymmetric for
any number of particles N . In contrast, the non-Abelian
irrep matrices are specific for each N . Then the non-
Abelian case can be described in canonical and micro-
canonical ensembles, but not in a grand-canonical one.
In a microcanonical ensemble [1], the macrostate of the
gas is determined by N , the total energy E, the external
potential or the volume where the particles are contained,
and, in the present case, by the many-body spin S. Ac-
cording to the postulate of equal a priory probabilities
[1], the system is equally likely to be in any microstate
consistent with given macrostate. The microstates are
eigenstates of the many-body Hamiltonian. (An alterna-
tive derivation [13]is based on the Berry conjecture [14]
rather than on the postulate of equal a priory probabili-
ties.)
Randomization of phases, due to either Hamiltonian
chaos (as expressed by the Berry’s conjecture [14, 15])
or interactions with the environment, allows us to per-
form any unitary transformation of the microstates [1],
namely, to eigenstates of non-interacting particles. For
a gas of spin-1/2 fermions they are eigenstates of the
Hamiltonian
Hˆ = Hˆspin + Hˆspat, (1)
where Hˆspin is independent of the particle coordinates
and Hˆspat is spin-independent. Since the Hamiltonian
(1) contains no terms that depend on both spins and
coordinates, its eigenstates have the defined total spin S
2and can be represented as [13]
Ψ˜
(S)
rˆ{ε} = f
−1/2
S (N)
∑
t
Φ˜
(S)
trˆ{ε}Ξ
(S)
t . (2)
Here the spatial Φ˜
(S)
trˆ{ε} and spin Ξ
(S)
t wavefunctions
belong to conjugate irreps of the symmetric group.
The irreps are associated with the Young diagram
[2N/2−S, 12S ], which is pictured as N/2 − S rows with
2 boxes and 2S rows with 1 box [see, e.g, Figs. 2 (a) and
(b)]. The Young diagram is unambiguously determined
by the total spin S and the irreps have the dimension
fS(N) [13].
The functions within irreps are labeled by the standard
Young tableaux t — the Young diagram [2N/2−S, 12S]
filled by the numbers 1 . . .N which increase down each
column and right each row [13]. The microstates are
specified by the set of single-body energies {ε} ≡
{ε1 . . . εN} and the Weyl tableau rˆ [16]. The latter is
a two-column Young diagram [2N/2−S, 12S] filled by εj
such that they increase down each column but may be
equal or increase right each row [see Figs. 2 (a) and (b)].
Then in the case of spin-1/2 fermions the set {ε} can
contain no more than double degeneracies. As proved
in [13], the tableau rˆ can take fS(q1) values, where q1
is the number of non-degenerate energies in the set {ε}.
Then fS(q1) can be considered as a statistical weight of
the many-body state. Since the energies have to increase
down the columns, the degenerate energies have to be
placed in different columns, and the number of pairs of
equal εj , q2 = (N − q1)/2, can not exceed the shorter
column length N/2− S.
The eigenstates (2) with a defined total spin form a
set of degenerate states with collective spin wavefunc-
tions Ξ
(S)
t and undefined spin projections of individual
particles. The Hamiltonian (1) has also a set of degen-
erate eigenstates with the same energy, but with defined
individual spin projections and an undefined total spin.
Given the total spin projection Sz (sum of individual spin
projections), these sets can be connected by a unitary
transformation.
Spin-independent interactions between particles split
energies of the states with different total spins, making
the set with defined individual spins inapplicable [5], but
this effect is small for weakly-interacting gases. A par-
ticular case of the states with defined total spins is the
collective Dicke states [17] of two-level particles, coupled
by electromagnetic field in a cavity. A two-dimensional
cavity leads to spin-dependent spatially-homogeneous in-
teractions of the form [18] Hˆspin = ISˆ+Sˆ−, where Sˆ+
and Sˆ− are the total spin raising and lowering operators.
Such interaction, realized in recent experiments [19], lead
to the energy shift ESSz = I[Sz(Sz − 1)−S(S+1)], pro-
viding substantial splitting of the states with different
total spins [13].
The protocol, proposed in [20], starts from the spin-
ε1 ε2 ε3 ε
Figure 1. Cells with average energies ε¯i in a single-body en-
ergy spectrum. The circles denote the level occupation.
polarized state with S = Sz = N/2. A time-dependent
potential, which changes the spin states of particles, but,
being coordinate independent, conserves the total spin,
can transfer the population to the state with S = N/2,
Sz = N/2 − 1. Later a potential, which does not
change the spin states of particles, can, being depen-
dent on coordinates and spins, transfer the population
to the state with S = N/2 − 1, Sz = N/2 − 1. A
sequence of such pulses with proper time-dependencies
can populate the state with any total spin. The pop-
ulation will not be transferred back to higher S and
Sz, since the energy spectrum ESSz is not equidistant
and, therefore, ESSz − ESSz−1 6= ESSz+1 − ESSz and
ESSz − ES−1Sz 6= ES+1Sz − ESSz .
Following the Gentile’s version [21] of the general mi-
crocanonical approach, let us divide the single-body en-
ergy spectrum into cells (see Fig. 1) containing gi energy
levels with the average energy ε¯i. Let q
(i)
0 , q
(i)
1 , and q
(i)
2
levels be, respectively, non-, single-, and double-occupied
in the ith cell. Given these occupations, the levels in the
cell can be distributed in gi!/(q
(i)
0 !q
(i)
1 !q
(i)
2 !) distinct ways
[21]. Then the number of distinct microstates associated
with the sets q
(i)
l is fS(q1)
∏
i gi!/(q
(i)
0 !q
(i)
1 !q
(i)
2 !). The
system configuration corresponds to the most-probable
values of q
(i)
l [13]. They maximize the number of mi-
crostates, or its logarithm — entropy
H =
∑
i
[
gi ln gi −
2∑
l=0
q
(i)
l ln q
(i)
l
]
+ ln fS(q1). (3)
Here the Stirling approximation is used. The number of
non-degenerate energies εj in the set {ε} is equal to the
total number of single-occupied levels q1 =
∑
i q
(i)
1 . The
sum in Eq. (3) gives the entropy of the Gentile gas [21].
The present results follow from the last term, which will
referred to as non-Abelian entropy, since it vanishes when
fS = 1.
A permutation of single-body energies in the set {ε}
transforms [6, 8] the wavefunction (2) to a linear com-
bination of Ψ˜
(S)
rˆ{ε} with different rˆ. The Weyl tableaux
rˆ are unambiguously related to the Young tableaux of
the shape [2N/2−S−q2 , 12S ] obtained by the crossing out
of the q2 degenerate pairs of εj from the Weyl tableaux
with N/2 − S two-box rows [13]. Then the wavefunc-
tions Ψ˜
(S)
rˆ{ε} form an irrep, associated with the Young
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Figure 2. (a) Three allowed Weyl tableaux for ε1 = ε2 <
ε3 < ε4 < ε5 < ε6 corresponding to the unsaturated phase.
The black cells form Young tableaux corresponding to a non-
Abelian irrep. (b) A Weyl tableau for ε1 = ε2 < ε3 = ε4 <
ε5 < ε6 corresponding to the saturated phase. The black cells
form a one-column Young tableau corresponding to an anti-
symmetric irrep. (c) The total number of double-occupied lev-
els q2 (blue long dash), the maximal allowed value of q2 (green
horizontal short dash), non-Abelian entropy ln fS(q1) (black
solid line), and specific heat (per atom) Cv (red dot-dashed
line) at the temperature T for N = 102 two-dimensional par-
ticles in a flat potential with the total spin S = 20. The
temperature scale T0 is given by Eq. (4).
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Figure 3. Specific heat (per atom) at the temperature T
for the state with the defined many-body spin S (black solid
lines) and the state with defined individual spins and the total
spin projection Sz = S (red dashed lines) of N = 10
2 two-
dimensional particles in a flat potential. The blue line shows
the boundary between the saturated (S) and unsaturated (U)
phases. The temperature scale T0 is given by Eq. (4).
diagram [2N/2−S−q2 , 12S], of the group Sq1 of permu-
tations of non-degenerate εj. In the saturated phase,
q2 = N/2 − S, the diagram has one column [see Fig.
2(b)], the irrep is Abelian, and the many-body state has
the statistical weight fS(2S) = 1. The unsaturated phase
(q2 < N/2 − S) corresponds to the non-Abelian irreps
[see Fig. 2(a)]. At high temperatures, when the num-
ber of double-occupied levels q2 is small, the system is
in the unsaturated phase. On the temperature decrease,
q2 increases, while the statistical weight fS(q1) decreases
[see Fig. 2(c)]. At the critical temperature q2 reaches
the maximal allowed value N/2 − S, the system trans-
forms to the saturated phase, and fS(q1) has a corner.
This leads to discontinuity of the specific heat (per atom)
Cv = (∂E/∂T )V /N (see Figs. 2(c) and 3 and [13]). The
transition is characterized by the non-Abelian entropy
ln fS(q1), which ranges between zero in the saturated
phase and nonzero in the unsaturated one. However,
ln fS(q1) is not a local order parameter. Rather, it is a
topological characteristic of the collective state.
The conventional state with defined individual spins is
a mixture of two gases containing N/2+Sz and N/2−Sz
particles, respectively, with Fermi-Dirac distributions. It
is a superposition of all states with defined total spins
S ≤ Sz. As the statistical weight fS(N) attains its maxi-
mum at S =
√
N + 2/2, the state with S = Sz dominates
in this superposition, unless Sz <∼
√
N . However, ther-
modynamic properties of each S-component in this su-
perposition are determined by the maximum of the mix-
ture entropy, which is different from Eq. (3). Then none
of the S-components is in its thermal equilibrium. As a
result, thermodynamic properties of the mixture and of
the non-Abelian state with S = Sz are different, and the
mixture does not demonstrate the phase transition (see
Fig. 3 and [13]).
The present phase transition has no latent heat since
the energy, as well as entropy and pressure, is continu-
ous [13]. It is therefore a second-order phase transition,
like the well-known superconducting one in the absence
of magnetic fields. However, the latter is a result of inter-
actions between particles, while the present phase transi-
tion can take place in an ideal gas. In this sense, it is sim-
ilar to the Bose-Einstein condensation phase transition,
where the specific heat is discontinuous in the special case
of a gas in a 3D harmonic trap [22, 23]. In contrast, the
present phase transition takes place in trapped and free
gases of any dimension (see Fig. 3 and [13]). Figures 4
(a) and (b) show the specific heat at the phase boundary,
which is discontinuous and different from the one for de-
fined individual spins. Being plotted as a function of the
scaled temperature T/Tk(N), it demonstrates small vari-
ation when the trapping and dimensionality are changed
(see Figs. 4 (b) and (c)). Here the temperature scale is
Tk(N) = ν
−1/(k+1)
k N
−k/(k+1) (4)
and k is the parameter in the energy-density of single-
body levels ν(ε) = νkε
k (for the 2D and 3D gases in
flat potentials k = 0 and 1/2, respectively, while k = 1
and 2 for the 2D and 3D harmonic trapping, respec-
tively, [13]). The plots for different numbers of parti-
cles converge on the decrease of the scaled temperature
[see Fig. 4 (a)]. The temperature scale is related to the
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Figure 4. (a) The ratio of the specific heat on the phase
boundary to the one for the gas with defined individual
spins in a three-dimensional (3D) harmonic trap for the satu-
rated (solid lines) and unsaturated (dashed lines) phases with
N = 102 (black), N = 103 (blue) and N = 104 (red) parti-
cles. The temperature scale Tk(N) is defined by Eq. (4). (b)
The same ratios for the 3D gas in a flat potential, the black
solid and blue long-dashed lines correspond to the saturated
and unsaturated phases, respectively. The ratios for a two-
dimensional (2D) harmonic trapping are plotted by the red
dot-dashed and magenta short-dashed lines, respectively. All
plots are for N = 102. (c) The relative change in the specific
heat at the phase boundary for N = 102 particles in flat po-
tentials (black solid and blue long-dashed lines for the 2D and
3D cases, respectively) and in harmonic traps (red dot-dashed
and magenta short-dashed lines, respectively).
Fermi energy defined by the equation
∫ εF
0
νkε
kdε = N as
εF = [(k+1)N/νk]
1/(k+1). Then the average energy den-
sity εF /N is, up to a factor, the temperature scale (4).
Figure 4 (c) shows that the relative change of the specific
heat at the phase boundary approaches 0.5 at T < Tk(N)
for any trapping and dimensionality. Except of the case
of a free 2D gas, the temperature scale decreases with
increase of N . Then the more particles are in the gas,
the lower the temperature required in order to observe
the phase transition. Even in a free 2D gas, the required
temperature decreases in the thermodynamic limit, when
N → ∞ with the fixed density N/V2D, since ν0 ∝ V2D
tends to infinity [13]and, therefore, T0(N) → 0. In this
sense, the phase transition is a mesoscopic effect (see the
discussion in the end of [13]).
In Gentile’s intermediate statistics [21], each single-
body state can be occupied by a limited number of par-
ticles. If this limit is two, Gentile’s statistics leads to Eq.
(3) with fS ≡ 1 and S = 0, when the two columns of the
Young diagram have equal length. For S = 0, as demon-
strated above, the transition temperature tends to zero
and the gas is in the unsaturated phase at finite temper-
atures. Then the phase transition, considered here, can-
not appear in Gentile’s statistics. Another reason is that
the condition fS ≡ 1 eliminates the non-Abelian entropy
and any connection between occupations of single-body
states. The non-Abelian entropy depends on the total
number of single-occupied states and is not an extensive
nor an intensive property, being related to the collective
state of the gas.
Zero-range two-body interactions in cold spin-1/2
Fermi gases are spin-independent, since collisions of
atoms in the same spin state are forbidden by the Pauli
principle. The interactions become spin-dependent and
spin and spatial degrees of freedom become inseparable
due to inapplicability of the zero-range approximation
when the de Broglie wavelength becomes comparable to
the effective interaction radius reff [13]. Then the atom
energy is restricted by ∼ 40mK for 6Li atoms (the lim-
iting energy is inversely proportional to the atom mass).
Under the same condition, the gas can be considered as
weakly-interacting and the formation of dimers or Cooper
pairs for repulsive or attractive interactions, respectively,
can be neglected [13], since the elastic scattering length
is |aS | ≈ reff for non-resonant interactions.
However, the spin and spatial degrees of freedom can
be separated for interactions of arbitrary strength while
they are spin-independent, and the gas can be kept in
a state with the defined many-body spin. For example,
in the case of cold atoms, Feshbach resonances [22–24]
can provide large aS for zero-range interactions, leading
to non-negligible formation of dimers or Cooper pairs.
Since they are symmetric over permutations of forming-
particle’s coordinates, the number of dimers and Cooper
pairs will be restricted by N/2 − S. This can lead to
phase transitions in strongly-interacting gases too, al-
though particles do not occupy single-body states.
In high-spin Fermi gases, similar phase transitions can
appear when the interactions are spin-independent, as in
SU(n) gases [25–30]. If the spatial state of such gas is
associated with a Young diagram with non-equal column
lengths, a phase transition can be expected when the
number of levels occupied by l particles approaches the
lth column length.
Bose-gases with spin-independent interactions allow
for the separation of spin and spatial degrees of freedom,
and their states can be associated with Young diagrams
too. Such states of spin-1/2 bosons were analyzed [31, 32]
using SU(2) symmetry (irreps of SU(2) and symmetric
groups are closely related, having common basic func-
tions). In the ground state, all particles occupy two low-
5est levels [31, 32]. Non-Abelian entropy can lead to a
phase transition when the occupation of the lowest level
approaches the first row length N/2 + S. For high-spin
bosons, phase transitions can be expected when the oc-
cupation of n th excited level approaches the length of
n + 1 th row. A certain analogy can be drawn to the
phase transitions in coupled tubes controlled by the tube
filling factors [33].
States with non-Abelian symmetry can find applica-
tions in quantum metrology, computing and information
processing, like non-Abelian anyons related to represen-
tations of the braid group [34, 35]. Thermodynamical
properties of an ideal gas of non-Abelian anyons studied
in [36] do not demonstrate phase transitions.
In conclusion, eigenstates of two-component Fermi
gases have defined many-body spins and can be asso-
ciated with multidimensional, non-Abelian irreps of the
symmetric group. An additional energy-degeneracy of
the eigenstates modifies the system entropy, leading to
second-order phase transitions in the case of weak inter-
actions.
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ENERGY SHIFTS IN A CAVITY
Spin-dependent spatially-homogeneous interactions of
the form [18] Hˆspin = ISˆ+Sˆ− appear in the collective
Dicke states [17] of two-level particles, coupled by elec-
tromagnetic field in a two-dimensional cavity. Such inter-
action leads to the energy shift I[Sz(Sz − 1)− S(S +1)],
providing substantial splitting of the states with different
total spins (see Fig. S1). If I > 0, the ground state of the
system with given Sz will be the state with the minimal
allowed spin S = Sz since S cannot be less than Sz.
STATES WITH WELL-DEFINED MANY-BODY
SPINS
The spatial Φ˜
(S)
trˆ{ε} and spin Ξ
(S)
t wavefunctions in the
eigenstate Eq. (2) form the bases of irreducible represen-
tations of the symmetric group SN ofN -symbol permuta-
tions [8, 9]. A permutation P of the particles transforms
each function to a linear combination of functions in the
same representation,
PΦ˜(S)trˆ{ε} =
∑
t′
D
[λ]
t′t (P)Φ˜(S)t′ rˆ{ε}, PΞ(S)t =
∑
t˜′
D
[λ˜]
t˜′ t˜
(P)Ξ(S)t′
(S-1)
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Figure S1. Energy shifts of states with different total spins S
due to an exchange of virtual photons in a two-dimensional
cavity.
Here D
[λ]
t′t (P) are the matrices of the Young orthogonal
representation [8, 9] associated with the Young diagrams
λ. For spin-1/2 fermions, the diagrams λ = [2N/2−S, 12S ]
have two columns and are unambiguously related to the
total spin S. The representations of the spin and spatial
wavefunctions are conjugate, and the dual Young dia-
grams λ˜ = [N/2+S,N/2−S] have two rows. The matri-
ces of conjugate representations are related as D
[λ˜]
t˜′t˜
(P) =
sgn(P)D[λ]t′t (P), where sgn(P) is the permutation parity,
providing the proper permutation symmetry of the total
wavefunction PΨ˜(S)rˆ{ε} = sgn(P)Ψ˜(S)rˆ{ε}. The representa-
tion functions are labeled by standard Young tableaux t
of the shape λ, the dual tableaux t˜ are obtained by re-
placing the rows with the columns. The representations
have the dimension
fS(N) =
N !(2S + 1)
(N/2 + S + 1)!(N/2− S)! . (S-2)
The non-normalized spatial wavefunctions of non-
interacting particles are expressed as
Φ˜
(S)
trˆ{ε} =
∑
P
D
[λ]
tr (P)
N∏
j=1
ϕεj (rPj), (S-3)
where the relation between the Weyl tableau rˆ and Young
tableau r is described below. Single-body eigenfunctions
ϕε(r) are solutions of the Schro¨dinger equation[
h¯2
2m
pˆ
2
j + U(rj)
]
ϕε(r) = εϕε(r) (S-4)
8Here pˆj and rj are momenta and coordinates of
the fermions with the mass m and U(rj) is a spin-
independent external potential.
STATISTICAL WEIGHTS OF MANY-BODY
STATES
According to Eq. (S-3), each set of single-body states
{ε} provides several irreducible representations labeled
by the standard Young tableaux r. A two-column Young
diagram allows only single and double occupations of
single-body states [8, 20]. Let us suppose that the set
{ε} contains q2 pairs (ε2j = ε2j−1 for 1 ≤ j ≤ q2), corre-
sponding to double occupied states, and q1 = N − 2q2
single-occupied states (it is clear, that physical con-
sequences cannot depend on the state ordering). As
demonstrated in [20], the first q2 rows of r have to con-
tain two boxes each (this requires q2 ≤ N/2 − S) and
have to be filled by the symbols 1 . . . 2q2. The q1 symbols
2q2+1 . . .N can occupy the remaining N/2+S−q2 rows
[see Fig. S2(a)]. Then these rows form a standard Young
tableau of the shape [2N/2−S−q2 , 12S ] and the number of
such tableaux fS(q1) is equal to the number of irreducible
representations for the given set of single-body states.
Each of the tableaux r can be unambiguously related to
the Weyl (or semi-standard Young) tableau rˆ. The latter
(see [16]) is a Young diagram filled by symbols such that
they must increase down each column, but may remain
the same or increase to the right in each row. The Weyl
tableau rˆ is obtained in the following way [see Fig. S2(b)]:
let us replace j by εj in each box of the Young tableau
r and sort the entries in each column in the increasing
down order (εj′ can be less than εj for j
′ > j for the set
{ε} described above).
Removing the boxes containing the degenerate energies
εj [see Fig. S2(b)] one gets a standard Young tableau
of the shape [2N/2−S−q2 , 12S]. Then the number of the
Weyl tableaux rˆ (the Kostka number, see [16]) is equal
to fS(q1).
CALCULATION OF THERMODYNAMIC
PARAMETERS
The present adaptation of the Gentile’s approach [21]
takes into account non-Abelian entropy. The most-
probable values of the numbers q
(i)
l of l-occupied levels
(0 ≤ l ≤ 2) in the ith cell are determined in the method
1 2
43
5 6
7
8
1 2
43
5 7
6
8
1 2
43
5 8
6
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ε7
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(b)
Figure S2. (a) Three allowed standard Young tableaux for
N = 8, S = 1, q2 = 2, and q1 = 4. The colored sym-
bols correspond to double-occupied states and the black sym-
bols, corresponding to single-occupied ones, fill the last rows,
forming Young tableaux of the shape [2, 12]. (b) Three al-
lowed Weyl tableaux for N = 8, S = 1, q2 = 2, q1 = 4, and
ε1 = ε2 < ε5 < ε3 = ε4 < ε6 < ε7 < ε8, obtained from the
Young tableaux in part (a). The colored and black symbols
correspond to double-occupied and single-occupied states, re-
spectively. The standard Young tableaux of the shape [2, 12]
in the second row are obtained from the Weyl tableaux by
removal of the colored boxes.
of Lagrange undetermined multipliers by equations
∂
∂q
(i)
l
[
H + α(N −
∑
i
Ni) + β(E −
∑
i
ε¯iNi)
+
∑
i
bi
(
gi −
2∑
l=0
q
(i)
l
)
− γ′(q2 −N/2 + S)
]
= 0,
(S-5)
where the entropy H is given by Eq. (3). The consis-
tency of the microstates with the macrostate, expressed
by conditions∑
i
Ni = N,
∑
i
ε¯iNi = E, (S-6)
is provided by the Lagrange multipliers β and α. Here
Ni = q
(i)
1 + 2q
(i)
2 (S-7)
is the number of particles in the ith cell and ε¯i is the av-
erage cell energy (see Fig. 1).The multipliers bi constrain
the total number of levels in the ith cell
gi =
2∑
l=0
q
(i)
l . (S-8)
The multiplier γ′ is related to the inequality constraint
(see [37]) on the total number of double-occupied levels
q2 =
∑
i q
(i)
2 ≤ N/2−S. If γ′ > 0, the constraint is active
and q2 = N/2 − S in the most-probable point. Other-
wise, the constraint is inactive, γ′ = 0, and the maxi-
mum of entropy, subject to constraints (S-6), is attained
at q2 < N/2 − S. The transition between active and
inactive inequality constraint is a mathematical descrip-
tion of the transition between saturated and unsaturated
phases considered here.
9Equations (S-5) provide the numbers of l-occupied lev-
els (0 ≤ l ≤ 2) in the ith cell
q
(i)
l = exp(−αl − βε¯il − γδl2 − bi − 1), (S-9)
where
γ = γ′ + 2
∂ ln fS(q1)
∂q1
. (S-10)
Substitution of Eq. (S-9) into Eq. (S-8) determines the
Lagrange multipliers bi. Then using Eq. (S-7), one gets
the energy-distribution function F (ε¯i) = Ni/gi
F (ε) =
e−(ε−µ)/T + 2e−2(ε−µ)/T−γ
1 + e−(ε−µ)/T + e−2(ε−µ)/T−γ
. (S-11)
Here the Lagrange multipliers β = 1/T and α = −µ/N
are, usually, related to the temperature T and the chem-
ical potential µ. The distribution depends on an addi-
tional parameter γ [see Eq. (S-10)]. Examples of the
energy distributions are presented in Fig. S3.
 0  2  4  6  8  10  12  14
F(
ε)
ε/T
Figure S3. Energy distribution (S-11) for µ/T = 10 and γ = 7
(black solid line), µ/T = 10 and γ = 1 (blue long-dashed line),
µ/T = 1 and γ = 4 (green short-dashed line), and µ/T = 6
and γ = 1 (red dot-dashed line).
The number of particles and the energy are calculated
in the approximation of the continuous energy spectrum
as
N(µ, γ) =
∫ ∞
0
dεν(ε)F (ε), E(µ, γ) =
∫ ∞
0
dεν(ε)εF (ε)
(S-12)
Here ν(ε) is the energy-density of single-body levels.
The present work deals with ν(ε) = νkε
k, where νk
are taken from [22, 23]. In the case of a flat poten-
tial, k = 0, ν0 = mV2D/(2pih¯
2) for a two-dimensional
(2D) gas constrained in the area (two-dimensional vol-
ume) V2D and k = 1/2, ν1/2 = m
3/2V3D/(
√
2pi2h¯3) for
a three-dimensional (3D) gas constrained in the volume
V3D. For anisotropic harmonic trapping, we have k = 1,
ν1 = (h¯ω)
−2 and k = 2, ν2 = (h¯ω)
−3/2 in the 2D and
3D cases, respectively, where ω is the average angular
frequency of the trap. An isolated 1D gas in a harmonic
axial potential does not demonstrate thermalization [38]
and can be described by a thermodynamic ensemble only
due to interactions with the environment. This system
corresponds to k = 0 with ν0 = 1/(h¯ω). The derivative
of the non-Abelian entropy
γ˜S(q1) = 2
∂ ln fS(q1)
∂q1
= 2ψ(q1 + 1)− ψ(q1
2
+ S + 2)− ψ(q1
2
− S + 1) (S-13)
is expressed by differentiation of Eq. (S-2) in terms of
the logarithmic derivative of the Γ function ψ (see [39]).
In the approximation of the continuous energy spectrum,
the number of single-occupied levels is expressed as
q1(µ, γ) =
∫ ∞
0
dεν(ε)
e−(ε−µ)/T
1 + e−(ε−µ)/T + e−2(ε−µ)/T−γ
.
(S-14)
See Sec. for details of the integral calculation in Eqs.
(S-12) and (S-14).
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Given N , S, and T , the parameters µ and γ are solu-
tions of the equations
N(µ, γ) = N, q1(µ, γ) = 2S (S-15)
[see Eq. (S-12)] in the saturated phase, when γ >
γ˜S(q1(µ, γ)), i. e. γ
′ > 0. Otherwise, the gas is in the
unsaturated phase, γ′ = 0, and µ and γ are solutions of
the equations
N(µ, γ) = N, γ˜S(q1(µ, γ)) = γ. (S-16)
Having µ and γ we can calculate the energy with Eq.
(S-12). Then Eq. (3) gives us the entropy
H =
k + 2
k + 1
E
T
− µN
T
+ γ
N − q1
2
+ ln fS(q1) (S-17)
The last two terms here are related to the non-Abelian
permutation symmetry. The energy and entropy are con-
tinuous (see Fig. S4).
The pressure is calculated as a derivative of the en-
ergy over volume with fixed entropy, taking into account
that ∂νk/∂V = νk/V for flat potentials, where volume is
defined. Then
P = −
(
∂E
∂V
)
H
= −
(
∂E
∂V
)
T
+ T
(
∂H
∂V
)
T
=
1
k + 1
E
V
,
(S-18)
in agreement with the general relations for ideal gases,
since the non-Abelian contributions in derivatives of en-
ergy and entropy are canceled.
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Figure S4. The energy (a) and the entropy (b) at the tem-
perature T for the state with the defined many-body spin S
(black) and the state with defined individual spins and the
total spin projection S (red) of N = 102 two-dimensional
particles in flat potential. The red and black plots are almost
indistinguishable.
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The specific heat (per atom) CV is defined for flat po-
tentials as a derivative of the energy over the temperature
at the constant volume divided by N . For trapped gases,
it is defined as the derivative for the fixed trap potential,
as in [23]. The specific heat is expressed as
CV =
1
N
(
∂E
∂T
+
∂E
∂µ
∂µ
∂T
+
∂E
∂γ
∂γ
∂T
)
. (S-19)
In the saturated phase, equations for the derivatives of µ
and γ
∂N
∂µ
∂µ
∂T
+
∂N
∂γ
∂γ
∂T
= −∂N
∂T
,
∂q1
∂µ
∂µ
∂T
+
∂q1
∂γ
∂γ
∂T
= −∂q1
∂T
(S-20)
are obtained by differentiation of Eq. (S-15). In the un-
saturated phase, due to Eq. (S-16), the second equation
is modified as
∂q1
∂µ
∂µ
∂T
+
[
∂q1
∂γ
−
(
∂γ˜S(q1)
∂q1
)−1]
∂γ
∂T
= −∂q1
∂T
. (S-21)
Here
∂γ˜S(q1)
∂q1
= 2ψ′(q1+1)− 1
2
ψ′(
q1
2
+S+2)− 1
2
ψ′(
q1
2
−S+1).
(S-22)
and ψ′ is the trigamma function (see [39]). Since
∂γ˜S(q1 = 2S)/∂q1 6= 0 (see Fig. S5), the derivatives
of µ and γ have discontinuities at q1 = 2S. This leads to
discontinuity of CV shown in Figs. 2, 3 and S6.
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Figure S5. Dependencies of ln fS(q1) (blue dashed line),
γ˜S(q1) (black solid line), and
∂γ˜S (q1)
∂q1
(red dot-dashed line)
on q1 for S = 10.
EXPECTATION VALUES FOR THERMALIZED
EIGENSTATES
The alternative derivation, presented below, is not
based on the postulate of equal a priory probabilities.
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Figure S6. Specific heat (per atom) at the temperature T for
the state with the defined many-body spin S (black) and the
state with defined individual spins and a total spin projection
S (red) of N = 102 particles. The blue line shows the bound-
ary between the phases. (a) For a three-dimensional gas in
a flat potential. (b) For a two-dimensional harmonic confine-
ment. (c) For a three-dimensional harmonic confinement.
It is applicable to gases in flat potentials of any dimen-
sion. In the chaotic regime, according to the Berry con-
jecture [14], each eigenstate appears to be a superposition
of plane waves with random phases and Gaussian ran-
dom amplitudes, but with fixed energies. In the Sred-
12
nicki form [15], the spatial wavefunction of interacting
particles is expressed as
Φ
(S)
tn = N (S)n Wˆ (S)tn
∑
{p}
An({p})δ˜({p}2 − 2mE(S)n )
× exp(i
∑
j
pjrj/h¯), (S-23)
where {p} ≡ {p1, . . . ,pN} is the set of particle momenta
in the periodic box of the volume V with incommensu-
rable dimensions and {p}2 ≡∑j p2j . Since the momenta
pj have a discrete spectrum, the states with approxi-
mately fixed energies E
(S)
n are selected by the function
δ˜(x) = Θ(∆− |x|)/(2∆),
where Θ(x) is the Heaviside step function. The Gaussian
random coefficients An({p}) have the two-point correla-
tion function
〈A∗n′({p′})An({p})〉EE =
δn′nδ{p′}{p}
δ˜({p′}2 − {p}2) , (S-24)
where 〈〉EE denotes the average over a fictitious “eigen-
state ensemble”, which describes properties of a typical
eigenfunction [15].
Generalizing the Srednicki treatment [15] of symmetric
and anti-symmetric wavefunctions to non-Abelian repre-
sentations, the proper permutation symmetry is provided
by the symmetrization operator
Wˆ
(S)
tn =
∑
r
B(S)nr
∑
P
D
[λ]
tr (P)P . (S-25)
Any choice of the factors B
(S)
nr leads to PΦ(S)tn =∑
t′ D
[λ]
t′t (P)Φ(S)t′n . Then the total wavefunction Ψ(S)n =
f
−1/2
S (N)
∑
tΦ
(S)
tn Ξ
(S)
t has the proper fermionic permu-
tation symmetry. Without loss of generality, we can sup-
pose
∑
r |B(S)nr |2 = 1.
Unlike [40], the wavefunction (S-23) does not neglect
multiple occupations of the momentum states. It can be
represented as
Φ
(S)
tn = N (S)n
∑
{p}
A(S)n (t, {p})δ˜({p}2 − 2mE(S)n )
× exp(i
∑
j
pjrj/h¯) (S-26)
with
A(S)n (t, {p}) =
∑
r
B(S)nr
∑
P
D
[λ]
tr (P)An({pPj}). (S-27)
Due to orthogonality of the spin wavefunctions, the
expectation values of a symmetric one-body spin-
independent operator
∑
j Oˆ(rj) in the eigenstate Ψ
(S)
n
is reduced to the expectation values in the spatial states,
〈Ψ(S)n |
∑
j
Oˆ(rj)|Ψ(S)n 〉 =
1
fS(N)
∑
t
〈Φ(S)tn |
∑
j
Oˆ(rj)|Φ(S)tn 〉,
(S-28)
which can be estimated by their eigenstate-ensemble av-
erages,〈
〈Φ(S)t′n |
∑
j
Oˆ(rj)|Φ(S)tn 〉
〉
EE
=
(
N (S)n
)2
V N−1
×
∑
{p},{p′}
∑
j
〈exp(ip′jrj/h¯)|Oˆ(rj)| exp(ipjrj/h¯)〉
×
∏
j′ 6=j
δp′
j′
pj′
δ˜({p}2 − 2mE(S)n )
∑
r,r′
(
B
(S)
nr′
)∗
B(S)nr
×
∑
P,P′
D
[λ]
t′r′(P ′)D[λ]tr (P)
∏
j′′
δp′P′j′′pPj′′ (S-29)
The last product of the Kronecker symbols, originated
from the correlation function (S-24), means that each
element of the set {p′} is equal to any element of the set
{p}. Moreover, the first product, which originate from
the orthogonality of the plane waves, means that all but
one p′j are equal to pj . Therefore, p
′
j = pj for any j and
P ′ = P{N}({p})P , where the permutations P{N}({p})
(cf [20]) do not affect the set {p}, permuting only the
equal elements, pP{N}j = pj . Then the sum over P and
P ′ can be transformed as∑
P{N}
∑
t′′
D
[λ]
t′t′′(P{N})
∑
P
D
[λ]
t′′r′(P)D[λ]tr (P)
=
N !
fS(N)
δrr′
∑
P{N}
D
[λ]
t′t (P{N}). (S-30)
Here the general relation for representation matrices [8, 9]∑
t
D
[λ]
r′t(P)D[λ]tr (Q) = D[λ]r′r(PQ) (S-31)
and the orthogonality relation
∑
P
D
[λ′]
t′r′(P)D[λ]tr (P) =
N !
fS(N)
δtt′δrr′δλλ′ (S-32)
are used.
Finally, we get〈
〈Ψ(S)n |
∑
j
Oˆ(rj)|Ψ(S)n 〉
〉
EE
=
N !
f2S(N)
(
N (S)n
)2
V N
×
∑
{p}
δ˜({p}2−2mE(S)n )
∑
j
O¯(pj)
∑
t,P{N}
D
[λ]
tt (P{N}({p})),
(S-33)
where
O¯(pj) =
1
V
〈exp(ipjrj/h¯)|Oˆ(rj)| exp(ipjrj/h¯)〉 (S-34)
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A state associated with the two-column Young diagram
r cannot have more than two equal momenta [8, 20]. Let
pi′
k
= pi′′
k
for 1 ≤ k ≤ q2. Then P{N}({p}) can be ei-
ther the identity permutation E or any product of trans-
positions Pi′
k
i′′
k
. It can be represented as P{N}({p}) =
QP˜{N}Q−1, where Q(2k − 1) = i′k, Q(2k) = i′′k, and
P˜{N} can be either E or any product of transpositions
P2k−1,2k. Then Eq. (S-31) allows us to transform the
sum of Young orthogonal matrices in Eq. (S-33) in the
following way
∑
t,t′
D
[λ]
tt′ (Q)D[λ]t′t (P˜{N}Q−1) =
∑
t′
D
[λ]
t′t′(P˜{N}Q−1Q)
=
∑
t
D
[λ]
tt (P˜{N}). (S-35)
As demonstrated in [20],
∑
P˜{N}D
[λ]
tt (P˜{N}) vanishes un-
less the first 2q2 symbols occupy first q2 rows in the
Young tableau t. Thus only the last N/2 − S − q2
rows of this tableau can be changing in the sum over
t. These rows form a standard Young tableau of the
shape [2N/2−S−q2 , 12S], filled by the symbols 2q2+1 . . .N .
Since permutations P˜{N} do not affect these symbols,
D
[λ]
tt (P˜{N}) = 1 and
∑
tD
[λ]
tt (P˜{N}) = fS(q1). There are
2q2 permutations P˜{N}. Therefore,
〈
〈Ψ(S)n |
∑
j
Oˆ(rj)|Ψ(S)n 〉
〉
EE
=
N !
f2S(N)
(
N (S)n
)2
V N
×
∑
{p}
2q2fS(q1)δ˜({p}2 − 2mE(S)n )
∑
j
O¯(pj). (S-36)
Let us divide the single-body energy-spectrum into
cells, as it was done on derivation of Eq. (3), and sup-
pose that O¯(pj) can be approximated by O¯i in the i
th energy cell. Then the summation over {p} can be
replaced by summation over numbers of non-, single-,
and double-occupied levels (q
(i)
0 , q
(i)
1 , and q
(i)
2 , respec-
tively) in each cell. The levels can be distributed in∏
i gi!/(q
(i)
0 !q
(i)
1 !q
(i)
2 !) distinct ways and particles can be
distributed in N !/2q2 distinct ways between the occupied
levels. Then〈
〈Ψ(S)n |
∑
j
Oˆ(rj)|Ψ(S)n 〉
〉
EE
=
(
N !
fS(N)
N (S)n
)2
V N
×
∑
{q
(i)
l }
fS(q1)
∑
i
NiO¯i
∏
i
gi!
q
(i)
0 !q
(i)
1 !q
(i)
2 !
× δ˜(E −
∑
i
ε¯iNi)δN,
∑
i Ni
∏
i
δ
gi,
∑
l q
(i)
l
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(recall, that Ni =
∑2
l=1 lq
(i)
l ). The factor fS(q1), provid-
ing the non-Abelian entropy, appears here, although the
states of interacting particles Ψ
(S)
n have no defined set of
single-body states and are not labeled by Weyl tableaux.
The sum can be approximated by its dominant term, cor-
responding to the maximum of the entropy (3).
CALCULATION OF INTEGRALS
Whenever γ > ln 4, the integrals in Eqs. (S-12) and
(S-14) for E, N , and q1 can be expressed in terms of the
Fermi-Dirac function [39]
Fk(y0) =
∫ ∞
0
ykdy
1 + ey−y0
as
N = νkT
k+1 (Fk(y1) + Fk(y2))
E = νkT
k+2 (Fk+1(y1) + Fk+1(y2))
q1 = νkT
k+1
(
1− 4e−γ)−1/2 (Fk(y1)− Fk(y2)) ,
where
y1,2 =
µ
T
+ ln
1±√1− 4e−γ
2
The Fermi-Dirac function is calculated with the code [41].
For γ ≤ ln 4, direct numerical integration is used in Eqs.
(S-12) and (S-14) for E, N , and q1.
In the case of two-dimensional gas in a flat potential,
due to homogeneity of the single-body energy spectrum,
some integrals can be calculated analytically. Substitut-
ing ε = µ−T lnx we get from equations (S-11) and (S-12)
N(µ, γ) = ν0T
∫ exp(µ/T )
0
dx
1 + 2xe−γ
1 + x+ x2e−γ
= ν0T ln
(
1 + eµ/T + e2µ/T−γ
)
.
Equation (S-14) can be transformed as
q1(µ, γ) = ν0T
∫ exp(µ/T )
0
dx
1 + x+ x2e−γ
= ν0T


2
v arctan
v
1+2e−µ/T
, γ < ln 4
2
1+2e−µ/T
, γ = ln 4
2
|v|arctanh
|v|
1+2e−µ/T
, γ > ln 4
where v =
√
4e−γ − 1.
APPLICABILITY CRITERIA
Spin and spatial degrees of freedom become insepara-
ble in the presence of spin-dependent two-body interac-
tions. In the case of cold fermionic atoms, this can be
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caused by the inapplicability of the zero-range approxi-
mation. At the low atom energy E the elastic scattering
amplitude (see [2])
f =
[
− 1
aS
− i
√
mE
h¯
+
mE
2h¯2
reff
]−1
(S-38)
is expressed in terms of the S-wave elastic scatter-
ing length aS and the effective interaction radius reff.
The correction to the zero-range approximation — the
term, proportional to reff — is negligible whenever E ≪
4h¯2/(mr2eff). The applicability condition for the de
Broglie wavelength λF ≡ 2pih¯/
√
2mE is λF ≫ pireff/
√
2.
For the van der Waals interaction potential the scatter-
ing length and effective radius are expressed (see [2, 24])
in terms of the van der Waals radius RvdW,
aS =
Γ(3/4)
Γ(5/4)
RvdW ≈ 1.35RvdW
reff =
2
3pi
[
1− 8piΓ(5/4)
Γ2(1/4)Γ(3/4)
+ 2
(
4piΓ(5/4)
Γ2(1/4)Γ(3/4)
)2]
× Γ2(1/4)RvdW ≈ 1.63RvdW.
Then the condition for the atom energy is expressed
in terms of the van der Waals energy [24] EvdW =
h¯2/(mR2vdW) as E ≪ 1.5EvdW. Using the values of
RvdW ≈ 31.26aB (where aB is the Bohr radius) and
EvdW ≈ 29.47 mK [24] for 6Li, one gets the condition
E ≪ 44mK.
Thermodynamic ensemble predictions are applicable
to open systems, thermalized due to interactions with the
environment, as well as to chaotic isolated systems, when
eigenstate thermalization takes place [15]. For isolated
systems, the criterion of chaos in a gas with zero-range
interactions is λF < aSN
2 (see [40]). In the temperature
range of interest Tk < T < NTk, the characteristic en-
ergy is εF , λF = 2pih¯/
√
2mεF , and both criteria can be
expressed as reffN
1/3 ≪ V 1/33D < |aS |N7/3 for a 3D gas
in a flat potential, constrained in the volume V3D. The
gases can have a 2D behavior under a strong axial con-
finement with the range aconf ≪ λF . Then the criteria
are expressed in terms of aconf as reff ≪ aconf < |aS |N2
[40]. Relative fluctuations for the 3D case can be es-
timated as in [15], N1/2(λFV
−1/3
3D )
3N/2−3 ≈ N3/2−N/2.
For a 2D gas in a flat potential, a similar estimation
gives N5/4−N/2. The fluctuations are negligibly small for
N >∼ 10.
The present theory is applicable to weakly-interacting
gases. In the method of cluster expansions [1] and theory
of quantum gases [22], the effect of interactions is char-
acterized by the parameters aS/λF and aS(N/V3D)
1/3.
Since |aS | ≈ reff for non-resonant interactions, both pa-
rameters are small when the zero-range approximation is
applicable. Interactions can also lead to the formation of
dimers or Cooper pairs for repulsive or attractive inter-
actions, respectively. The present analysis neglects these
effects, being applicable to so-called “upper branch BEC”
for repulsive interactions, where the particles do not form
bound states, or to non-superfluid regime for attractive
interactions. This is justified by the superfluidity transi-
tion temperature exp(−constλF /|aS |) (see [1]), which is
negligibly small. Under the same conditions for repulsive
interactions, the dimer states can be neglected since their
binding energy ∼ h¯2/(ma2S) substantially exceed εF .
Discontinuities in the thermodynamic functions exhib-
ited by phase transitions can appear only in infinite sys-
tems (see [1]). In finite systems, the thermodynamic
functions are continuous, although sharp changes can ap-
pear. In the present case, the corner of the non-Abelian
entropy ln fS(q1) at the critical temperature (see Fig. 2)
is smoothed due to fluctuations of the number of single-
occupied levels q1. Then the discontinuity of the specific
heat is transformed to a continuous crossover. However,
the approach [15] applied to fluctuations of q1 provides
the upper limit of relative fluctuations which is propor-
tional to N−N/2. The crossover temperature range has
the same N dependence.
